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As examples ol quantum- "classical" coupling systems, 
multi-component systems are studied by semiclassical evalu- 
ations of the Feynman kernels in the coherent-state represen- 
tation. From the observation of the phase space caustics due 
to the presence of the internal degree of freedom (IDF), two 
phenomena are explained in terms of the semiclassical theory: 
(1) The quantum oscillations of the IDF induce quantum in- 
terference patterns in the Hushimi representation; (2) Chaotic 
dynamics destroys the coherence of the quantum oscillations. 
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Coupling a quantum system with a "classical" system 
provides not only conceptual problems, e.g. the descrip- 
tions of measurement processes only in terms of unitary 
time evolutions 0], but also practical problems, e.g. inter- 
actions between electrons and nuclei in molecules [§(-1). 
The difficulty that the classical concept is inapplicable 
for the "classical subsystem" in the coupled system arises 
since the quantum and the classical subsystems become 
entangled || due to their interaction. However, it is 
possible to apply semiclassical methods, which elucidate 
quantum dynamics in terms of classical dynamics, to 
quantum-classical coupling systems. It is natural to treat 
only the classical subsystem with semiclassical methods 
for quantum-classical coupling systems, though it is for- 
mally simple to apply a semiclassical method to the whole 
system [0. 

By applying a semiclassical theory only to the classical 
subsystem, this letter elucidates the following two phe- 
nomena of the quantum-classical coupling systems: The 
one is the interference phenomena of the classical sub- 
system due to the coupling to the quantum subsystem; 
The other is the destruction of the coherent quantum 
oscillation of the quantum subsystem by the "chaotic" 
dynamics of the classical subsystem. Note that the no- 
tion chaos in quantum dynamics can be introduced only 
through the semiclassical argument ||. 

Throughout this letter, multi-component systems, e.g. 
electrons with a spin, and molecules that have quantized 
electrons, are employed as simple quantum-classical cou- 
pling systems. A quantum multi-component system con- 
sists of an internal and an "external" degrees of freedom 
(IDF and EDF, respectively): the IDF is a quantum sub- 
system, i.e. the IDF is conveniently described by matrices 
that have discrete indices rather than continuous indices; 



On the other hand, the EDF can be regarded as a "classi- 
cal" system. Namely, it is natural to employ continuous- 
valued variables for describing the EDF. 

Interference phenomena of a "classical" subsystem due 
to the coupling with a quantum system The emergence 
of the quantum interference phenomena implies the com- 
plete breakdown of the classical picture. However, we 
can understand the interference phenomena with a semi- 
classical argument. In the following, I will study the 
interference phenomena produced by a time evolution in 
the Feynman kernel in the coherent state representation 



K t (q"p"r,";qW) = {q"p",v"\ 
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where if is a Hamiltonian, \qp) is an EDF's coherent 
state [Q, which is a natural correspondent of a point in 
the classical phase space, and |?7) is an IDF's state vec- 
tor. Note that for the interference phenomena in K* , or 
more generally, in the Hushimi representation of state 
vectors S, we have an established semiclassical interpre- 
tation ff, which will be employed below. 

In order to investigate the influence of IDF's quantum 
oscillations on the EDF in a purified manner, the two- 
state linear curve crossing model for an infinitely heavy 
particle (for short, the heavy particle model) is studied. 
The IDF of this model is a two-level system, which is 
described by Pauli matrices. The heavy particle model is 
described by the Hamiltonian that does not have EDF's 
kinetic term 



H = V(q) = -ha z Fq + ha x J. 



(2) 



The Hamiltonian is scaled by the Planck constant h in 
order to retain the independence of IDF's time scales 
from h. During a time evolution, the position of the 
EDF is an invariant. On the contrary, the momentum of 
the EDF is excited: In the absence of J, the EDF feel 
the force +F (-F) when the state of the IDF is ||) (| j)). 
The transition matrix element J induces the quantum 
oscillation of the IDF between |f) and |J.). Hence we lose 
the classical picture of the force acting on the EDF. 

In order to treat only the EDF semiclassically, an ef- 
fective action for the EDF is introduced: 



S eS (q) = -ihkiZ(q), 



(3) 



where the "influence functional" jTcJ] (cf. Ref. |ll|) is 
defined as 
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Z{q) = {r ) "\e- i ^ t ' h \r 1 '). (4) 

By employing S eS as a "classical action", the Feynman 
kernel K* is expressed as a coherent-state path inte- 
gral jl2j of the EDF. The semiclassical theory employed 
here is the stationary phase evaluation of the coherent- 
state path integral [|I3| . A stationary phase point is spec- 
ified by the complex classical trajectory (q, p) that obeys 
the following Hamilton equation (symplectic mapping) 

p"=pi + dS cS (q')/d q , q"=q>, (5) 

where single- and double-primed quantities correspond to 
the initial and the final times, respectively. Furthermore, 
the "entrance label" (q',p') and the "exit labeY_(q" ,p") 
of K l specify the boundary condition of (q, p) [[13| 

P' = (p' -tq')/V2, Q" = (q" - ip")/V2, (6) 

where (Q, P) are defined by the linear canonical trans- 
formation P = (p - iq)l\[2 and Q = (q - ip)/V2 @. 
A solution of (|5|) and (g) can be specified by the initial 
value of Q' . The corresponding semiclassical amplitude is 
E(Q r ) exp{iF(Q')/H}, where E and F are the amplitude 
and the "action" , respectively. Klauder expected that the 
semiclassical Feynman kernel K^ c has always only single 
contribution of the semiclassical amplitude |l3). Actu- 
ally, in a very short time scale, this is the case. How- 
ever, Adachi showed that in general Kg C has multiple 
contributions of the semiclassical amplitudes in order to 
describe quantum interference phenomena [9. 

In Fig. |], the "exact" evaluation and the semiclassi- 
cal evaluation of the Hushimi function \K t \ 2 are shown: 
the semiclassical theory reproduces the exact Hushimi 
function well. In the following, the semiclassical theory 
elucidates the structure of the Hushimi function. Since 
the initial condition of the IDF is \rj') = |T), the center 
of the amplitude of the EDF moves upward in the phase 
space due to the diagonal element —hFq of Eq. (0). At 
the same time, there is a zero of the Hushimi function 
at (q,p) ~ (0,-0.8). Namely, we encounter a quantum 
interference phenomenon. 

In "single" component systems, quantum interfer- 
ence patterns in the Hushimi representation have 
intimate correspondence with phase space caustics 
(PSCs) which are the zero points of the Jaco- 
bian dQ" (Q 1 ) / dQ' . At a PSC, the semiclassical ampli- 
tude E = (dQ"/<9Q') (_1/2) fl§ diverges. Furthermore, 
around the PSC, a pair of semiclassical trajectories that 
are specified by two values of Q' appear for one value of 
the exit label (q",p"). The contributions of the resultant 
multiple semiclassical amplitudes to the Feynman kernel 
are controlled by the Stokes phenomena ]l6p|] : In one re- 
gion of the Q'-plane, one of the semiclassical amplitudes 
is "unphysical" so must be excluded. The boundary of 
the unphysical region in the Q '-plane is the Stokes lines; 



In the other region, the two semiclassical amplitudes con- 
tribute at once. Accordingly, a destructive interference 
pattern emerges in the Hushimi function |j) . Similarly as 
in the case of single component systems, a PSC produced 
the interference pattern in Fig. |l|. 

The dynamical origin of PSCs is the "folding" dynam- 
ics due to nonlinearity, especially the chaos, for the case 
of single component systems Q. For multi-component 
systems, we encounter a brand-new source of PSCs, the 
logarithmic divergences of S cS due to the zeros of the 
influence functional Z. Indeed the interference pattern 
in Fig. |l| (b) is due to such a PSC. The general feature 
around a zero point of Z is explained by expanding Z 
around the zero point (l^Jl^]. A zero of Z produces a 
pair of PSC. One of the PSC can be safely ignored, since 
the value of is too large to contribute to the Feyn- 
man kernel. For the other PSC, we must treat the Stokes 
phenomena. The Stokes lines in the Q'-plane are shown 
in Fig. H According to the shape of these lines (looks like 
the upside-down "Venus" mark), I call the PSC that is 
caused by zeros of Z, v-PSC, in order to distinguish the 
conventional ones, which is called a-PSC, in the following 
argument. 

The coherent quantum oscillation of the IDF produce 
the zeros of 2T, as is explained below. With a given com- 
plex classical trajectory q, the IDF is evolved by V(q). 
Hence, during a time evolution, the value of Z oscillates 
due to the quantum oscillation of the IDF. In particular, 
Z = holds when the state vector of the IDF is orthog- 
onal to which is specified by the exit label of Z. 
With a fixed value of t, we also encounter the zeros of Z 
in varying q. 

The chaotic dynamics of the "classical" subsystem de- 
stroys the coherent quantum oscillation of the quantum 
subsystem We saw above that the effect of IDF's quan- 
tum oscillation appears as v-PSCs at EDF's semiclassical 
dynamics. In turn, I will examine the effect of EDF's dy- 
namics, especially the chaotic dynamics, on v-PSCs by 
employing the spin-kicked rotor (the kicked rotor for a 
spin-i particle) |jl^,^|. The spin-kicked rotor is com- 
posed of a rotor as an EDF and a two-level system as an 
IDF and is described by the following Hamiltonian: 

H(t)=T(p)i I + V(q)J2S(t-n), (7) 

n 

where li is the identity operator of the IDF, T(p) = p 2 /2 
and V{q) = 1\K cos q 4- ha z 8K cos q + ha x J. This model 
is an extension of the standard mapping pT| to multi- 
component systems. Corresponding to the periodically 
time-dependent Hamiltonian H(t), we have a Floquet op- 
erator U = exp[—iT(p)/h] expj— iV(q)/H]. 

In Fig. H the time evolutions of the regular (K — 0.4) 
and the chaotic (K = 2.4) cases of quantities concern- 
ing to the IDF are shown. At the third step (indicated 
by arrows in the figures) , the quantum oscillation contin- 
ues in the regular case, but decays in the chaotic case. 
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These different short time behaviors, which will be ex- 
plained below by the semiclassical theory, determine the 
long-time behaviors of the system, i.e. the continuation 
of the coherent oscillation in the regular case (Fig. || (a)) 
and the destruction of the oscillation in the chaotic case 
(Fig. |(b)). 

In order to give a semiclassical interpretation of the 
phenomena mentioned above, the "full" Feynman kernel 
(q"p",rj"\ U N \q'p',rj') is studied by "decomposing" it by 
a sequence of the IDF's states {ijn}n=i 

K^(q"p"v";{vn}^ 1 1 ;</p J v') 
= (q"p"\ ({m\ u \vn-i) ...{m\u |t?o» Wp') , (8) 

where r\ jv = r)" and 770 = rf . The decomposition of 
the kernel facilitate the semiclassical analysis: For the 
full kernel, we have to solve the EDF's equation of mo- 
tion that is nonlocal in time Q; On the contrary, for 
, the equation of motion is local in time. In evaluat- 
ing by a stationary phase method concerning to the 
EDF, similar to the analysis of the heavy particle model 
(||), let us introduce an effective potential V^ s {q) = 
ih\nZ n {q), where Z n (q) = (r/ n \ exp[-iV (q) / H] \r) n -i). 
The interaction term of the EDF's effective action is 
Sf^t = ~^2n=i ^n ff - Accordingly, the classical equation 
of motion for the complex classical trajectory {(q n ,Pn)}n 
is 

Pa = Pn-l ~ dV* S (q n -l) / dq, q n = q n -l + Pn- (9) 

At the same time, Klauder's boundary condition (||) is 
imposed on the complex classical trajectory. 

In the semiclassical study of , v-PSCs appear with 
the similar mechanism mentioned above. Furthermore, 
we have to discuss the reconstruction of the full kernel 
from . However, concerning to the quantum oscilla- 
tion of the IDF in the short time scale, the reconstruction 
of the full kernel plays no particular role, as is confirmed 
from the numerical observations. Hence, I report only 
the semiclassical study of . 

In evaluating semiclassically, a "physical" region 
D on the Q'-plane (i.e. iinitial points of the complex tra- 
jectory) is introduced ||: 

D = {Q'\QF(Q') < (3F) cutoff }, (10) 

where F is the classical action for . If Q' is out of 
the region D, the corresponding semiclassical amplitudes 
are too small to contribute to . Hence it is enough 
to count the contribution only from D for the semiclas- 
sical Feynman kernel. For single component systems, a 
perturbation analysis shows that the chaotic dynamics 
makes D contract exponentially fast around the classi- 
cally realizable trajectory, whose stability exponent de- 
termines the rate of the contraction Eqj. Although the 
multi-component systems do not have any classically re- 
alizable trajectory, the similar contraction of D was ob- 
served in the numerical experiment in the chaotic case 



(Fig. |J (b)). Furthermore, I observed that the con- 
traction of D have different influences on two kinds of 
PSCs; On one hand, a-PSCs produced by the chaotic 
dynamics catch up the contraction of D. Accordingly, 
a-PSCs have significant influence on the Feynman ker- 
nel, similarly to the single-component case; On the other 
hand, v-PSCs fail to catch up D due to the contraction 
of D, though v-PSCs have strong influence in the regu- 
lar case (Fig. || (a)). Due to the contraction of D, the 
unphysical region produced by v-PSCs become smaller. 
Furthermore, some v-PSCs move into the unphysical re- 
gion produced by a-PSCs (Fig. |] (b)). Consequently, 
contributions of v-PSCs, which implies the coherence of 
the IDF's quantum oscillations, to the Feynman kernel 
is suppressed by the EDF's chaotic dynamics and thus 
the IDF's quantum oscillations, which have strong cor- 
respondence to the cause of v-PSCs, becomes incoherent 
(Fig. |(b)). 

Discussion The semiclassical method employed for 
the analysis of the spin-kicked rotor in the latter part 
of this paper has only a limited applicability: It is use- 
ful only for short time steps of quantum mapping sys- 
tems and difficult to apply for quantum flow systems. 
Hence, we have to develop the semiclassical method that 
really works with the more general quantum- "classical" 
coupling systems. However, it is plausible that similar 
mechanisms obtained in this letter generally appear con- 
cerning to the interactions between the quantum oscilla- 
tion of the quantum subsystem and the dynamics of the 
classical subsystem. 
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Sft(>/2Q' - q') 

FIG. 2. Contour plot of ^sF(Q'), the imaginary part of the action for K*(q"p" |; g'p' T)- The logarithmic divergent point of 
the effective action is indicated by ■. The corresponding pair of the PSC is indicated by • and o. As is explained in the main 
text, it is safe to ignore o. Accordingly, only for •, the Stokes lines (bold), which are part of the pre-image of the Stokes lines 
in the Q"-plane, are drawn; Besides, the bold-dashed lines are the rest of the pre-image. The unphysical region is enclosed by 
the two Stokes lines that connect • and ■. Parameters are the same as in Fig. fil 
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FIG. 3. Time evolutions of s z = (a z ), c = a/ (d~x) 2 + (S'y) 2 and P = (a x ) 2 + (<J y ) 2 + (cr z ) 2 j20| of (a) the regular case 
(K = 0.4) and (b) the chaotic case (K = 2.4). The initial condition is \q'p' , T) with (q' ,p') — (0.0, 1.5). Parameters are h — 0.25, 
SK — 1.0, and J = 0.75. In the long time evolution, the oscillation of these quantities, especially c, are suppressed in the 
chaotic case (b). 




(K — 0.4) and (b) the chaotic (K — 2.4) cases. The Stokes lines that start from v-PSCs (solid lines) and a-PSCs (dashed lines) 
are also shown. Parameters are the same as in Fig. []. In order to treat the Stokes phenomena, the region that are enclosed 
by the Stokes lines must be regarded as unphysical (non-contributing) region. Note that in the chaotic case (b), all of v-PSCs 
(indicated by • and pointed by arrows) in D are in the unphysical region produced by a-PSCs. 
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